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Entanglement of self interacting scalar fields in an expanding spacetime
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We evaluate self-interaction effects on the quantum correlations of field modes of opposite mo-
menta for scalar λφ4 theory in a two-dimensional asymptotically flat Robertson-Walker spacetime.
Such correlations are encoded both in the von-Neumann entropy defined through the reduced den-
sity matrix in one of the modes and in the covariance expressed in terms of the expectation value
of the number operators for each mode in the evolved state. The entanglement between field modes
carries information about the underlying spacetime evolution.
PACS numbers: 03.67.Mn, 03.65.Ud, 04.62.+v
Introduction - Quantum fields in non-Minkowskian
spacetimes present peculiar effects as compared with
quantum fields in flat spacetime [1],[2]. Of particular
physical interest are dynamical spacetimes with or with-
out horizons preventing observers from having access to
the full quantum state of a field [3]. Generally, neither
the particle content nor the structure of vacuum fluctu-
ations remain covariant. The Unruh effect [4], which es-
tablishes that an observer in constant linear acceleration
a through the Minkowski vacuum for a non-interacting
quantum field will find herself immersed in a thermal
bath at the temperature TU = ~a/(2πckB), is a good
example. Shortly before that, Hawking [5] predicted
that a black hole should both radiate with a temperature
TH = ~g/(2πckB) and have entropy S = kBc
3A/(4G~),
g being the acceleration at the surface of a black hole, G
the Newton constant and A the area of the event hori-
zon. This fusion between statistical physics, relativity
and quantum mechanics forms a landmark in the search
for a quantum theory of gravity. Benchtop laboratory
experiments to measure the Unruh temperature can be
devised based on a connection between quantum field
theory and quantum optics: the change of coordinates in
the description of the state of a scalar field between an
inertial observer (free-falling into a black hole) and a non-
inertial observer (escaping from falling outside the event
horizon) is equivalent to the transformation that affects a
light beam undergoing parametric down-conversion in an
optical parametric oscillator [6]. Entanglement in parti-
cle physics has become an important tool to study CPT
violation in kaon systems [7], Bell inequalities [8], quan-
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tum gravity [9] and conformal field theory and hologra-
phy [10].
Relativistic quantum information plays a key role in
studying quantum cryptography, quantum teleportation,
quantum computation and quantum metrology both in
inertial and noninertial frames [11] . More specifically,
there have been a series of studies by Fuentes and col-
laborators pointing out that gravity or noinertial mo-
tion may serve to enhance quantum information proto-
cols [12]. Quantum entanglement also serves as a tool
to study experimental and theoretical cosmology. In
the early universe, the energy content was largely domi-
nated by highly entangled quantum field background [3].
Even though experimental evidences show that primor-
dial perturbations have undergone quantum-to-classical
transition by some decoherence mechanism, some quan-
tum correlations could in principle linger, in the case of
weakly interacting fields, and encode information about
the evolution of the universe [13],[14] . The theoretical
framework to study such phenomena is quantum field
theory in curved backgrounds [1],[2],[15]-[19]. As quan-
tum technologies progress, the effects of gravity and mo-
tion on quantum correlations need to be accounted for
in high precision measurements such as Unruh tempera-
tures [20], detection of gravity waves using Bose-Einstein
condensates [21], Schwarzchild parameters of the Earth
[22], etc. The accuracy of physical parameter estimations
can be improved by preparing a probe in a particular (en-
tangled) state up to 1/N (Heisenberg limit), N being the
number of measurements (instead of 1/
√
N for a classi-
cal probe). The general techniques for applying quan-
tum metrology to quantum field theory were introduced
in [23],[24].
The propagation of quantum fields in expanding space-
times leads to spontaneous creation of pair of particles
with opposite momenta (alias, dynamical Casimir effect
in condensed matter physics) building up nonlocal quan-
tum correlations. In [25], the entanglement of quantum
2field modes of opposite momenta was shown to contain
information about the cosmic parameters characterizing
the spacetime expansion. The entanglement generated
between opposite field modes during a period of space-
time expansion was calculated in terms of the cosmolog-
ical parameters of a 1 + 1-dimensional conformally flat
Robertson-Walker (RW) model for a free scalar theory.
In the limit of small mass, this allowed for expressing the
cosmological parameters in terms of the amount of the
entanglement generated throughout cosmic evolution. In
a similar fashion, in ref. [26] it was studied the entan-
glement between modes of opposite momenta of a free
Dirac field. The latter showed qualitative differences
as compared with the bosonic counterpart, namely that
fermionic fields encodes more information about the un-
derlying spacetime than the bosonic case. Whilst for the
bosonic case the von Neumann entropy SBvN (p;m) of an
observed mode decreases monotonically from a maximum
at p = 0, for a Dirac field the von Neumann entropy
SFvN (p;m) peaks at a certain momentum p > 0 which
is sensible to the rapidity of the expansion. Moreover
the amount of entanglement in the maximally entangled
mode p is sensitive to the total volume of expansion.
In this short letter we aim at assessing the role of inter-
actions in the task of evaluating cosmological parameters
in the simplest possible setup: a scalar field λφ4 self-
interaction in an asymptotically flat 1 + 1 dimensional
RW expanding spacetime [1], [25]. It is a first step to-
wards studying a more realist interacting model. It is
generally believed that the number of particles created
from the vacuum suffers either a gravitational amplifica-
tion or attenuation in the presence of field interactions
depending on the spin-statistic of the particles [27],[28].
Whilst pair production from free fields corresponds to a
mixture of positive and negative frequencies, interactions
lead to multiparticle production which can enhance the
amount over that of a free field. It is important firstly
to evaluate interaction effects on particle production to
compare with backreaction of the quantum field on the
spacetime. We evaluate the entropy generated over a
period of spacetime expansion to leading order in per-
turbation theory and estimate the interaction effect on
the amount of information encoded in the entanglement
of the scalar field modes.
Self interaction field - Let us consider a massive real
scalar field φ in a two dimensional RW spacetime with
expansion factor a2(t). The action reads
S =
∫
d2x
√
|g|
(1
2
gµν∂
µφ∂νφ− 1
2
m2φ2 − λφ4
)
, (1)
where g = det gµν and λ is the coupling constant. The
dynamics of the field operator φ in the interaction picture
is governed by the covariant Klein-Gordon equation
( +m2)φ = 0, (2)
 = (
√
|g|)−1∂µ(
√
|g|gµν∂ν), whereas the state evolu-
tion is controlled by the interaction Hamiltonian
HI = λ
∫
dx
√
|g|φ4(x), (3)
where the integration is taken over a spacelike surface
of constant conformal time η =
∫
dt
a(t) . A spatially
flat Robertson-Walker (RW) universe metric in 1 + 1 di-
mensions in terms of η is conformally equivalent to the
Minkowski metric ηµν :
ds2 = C2(η)(dη2 − dx2). (4)
We adopt, following [25],
C2(η) = 1 + ǫ(1 + tanh(ρη)), (5)
ǫ, ρ > 0 controlling the volume and rapidity of the ex-
pansion. In curved spacetimes the existence of a unique
global Killing vector K = ∂η orthogonal to all spacelike
hypersurfaces that guarantees an unambiguous separa-
tion of positive- and negative-frequency modes is not pos-
sible in general. For the scalar factor C2(η), we have two
asymptotic regions in the distant past C2(η → −∞) = 1
and in the far future C2(η → +∞) = 1 + 2ǫ. In such
asymptotic regions Poincare´ invariance guarantees the
existence of a unique global timelike Killing vector field
K and thus one can define particle states in terms of pos-
itive and negative frequency modes, as well as a vacuum
state. However, in the intermediate region, particle inter-
pretation is not defined. We assume that in the asymp-
totically flat regions λ ∼ 0, that is the self-interaction is
adiabatically switched off in the distant past and future.
Translational invariance of (2) enables us to write
φk(η, x) = (2πωk)
−1/2eikxξk(η),
satisfying
∂2ηξk(η) + (k
2 + C2(η)m2)ξk(η) = 0. (6)
The solutions of the equation above admit a simple form
in the asymptotic regions [1],[25], namely ξk(η → −∞) ≡
u¯k and ξk(η → +∞) ≡ uk, hereafter called “in”- and
“out”-mode functions, respectively. In our notation,
barred (unbarred) variables represent “in” (“out”) vari-
ables. They read
u¯k(η, x) =
1√
4πω¯
ei(kx−ω¯η),
uk(η, x) =
1√
4πω
ei(kx−ωη), (7)
with ω¯ = (k2 + m2)1/2 and ω = (k2 + m2(1 + 2ǫ))1/2.
Evidently we may write the in-mode functions in terms
of the out-mode functions,
u¯k(x, η) = αkuk(x, η) + βku
∗
k(η, x), (8)
3where the Bogolyubov coefficients αk and βk satisfy the
normalization condition |αk|2− |βk|2 = 1. In this partic-
ular case they are readily evaluated to [2]
αk =
√
ωk
ωk
Γ(1 − iωkρ )Γ(− iωkρ )
Γ(− iω+ρ )Γ(1− iω+ρ )
,
βk =
√
ωk
ωk
Γ(1− iωkρ )Γ( iωkρ )
Γ( iω−ρ )Γ(1 +
iω
−
ρ )
, (9)
where ω± =
1
2 (ωk ± ωk). In the interaction picture,
the Bogolyubov coefficients carry information only about
noninteracting contribution to the total particle creation.
Moreover particle content is well defined in the asymp-
totic regions through their creation and annihilation op-
erators related by
ak = αka¯k + βka¯
†
−k
a†k = α
∗
ka¯
†
k + β
∗
k a¯−k. (10)
A Fock space state |ψ¯〉 in the in-region is related by the
state |ψ〉 in the out-region by the two mode squeezing
operator S:
|ψ〉 = S|ψ¯〉
S ≡ exp
(∑
q
−ζa†qa†−q + ζ∗aqa−q
)
, (11)
αq = cosh ζ and βq = sinh ζ. For instance
|0〉 =
⊗
q
∞∑
n=0
cqn
(a¯†q a¯
†
−q)
n
n!
|0¯〉, (12)
which means that the (pure) vacuum in-state appears
as a state with particle excitations in the out-region
(and vice-versa). The Schmidt coefficients cqn encode Bo-
golyubov coefficients and can be evaluated to give [25]
cqn =
√
1− γq
(βq
αq
)n
, γq =
∣∣∣βq
αq
∣∣∣2. (13)
The interpretation is that particles are created as a result
of cosmic expansion.
von-Neumann entropy - Let us compute to leading
order in perturbation theory the contribution of λφ4 in-
teraction to particle production and entanglement. The
modes q and −q define a bi-partition and we may com-
pute the entanglement of a particular mode of the state
(12), say q = p, by defining the reduced density ma-
trix ρˆp = tr−p(|0¯〉p,−p p,−p〈0¯|) and calculating the von-
Neumann entropy
SvN = −tr(ρˆp log2 ρˆp). (14)
In the free case [25],
SvN = log2
(γγp/(γp−1)p
1− γp
)
, (15)
0 ≤ SvN < 1, which can be inverted γp = γp(SvN )
to write a simple expression for the cosmological pa-
rameters ǫ = ǫ(γp) and ρ = ρ(γp) in the limit where
m << 2ρǫ−1/2, showing that information about space-
time is stored in entanglement of very light particles pro-
duced over cosmic expansion.
In the interaction picture, such an information about
particle production is enclosed in the state vector. Let
us write the in-vacuum state to O(λ) as
|ψ¯〉 = N
(
|0¯〉+ 1
2!
∫
k1,k2
Γ1,2|k1k2〉
+
1
4!
∫
k1,k2,k3,k4
Γ1,2,3,4|k1k2k3k4〉
)
, (16)
where
∫
k ≡
∫
dk and
Γ1,2 = 〈k1k2| − i
∫ +∞
−∞
HI dη|0¯〉,
Γ1,2,3,4 = 〈k1k2k3k4| − i
∫ +∞
−∞
HI dη|0¯〉, (17)
with HI given by (3) and depicted in figure 1.
Figure 1. Quartet creation (left) and pair creation (right) by
self-interaction.
Applying the squeezing operator S on both sides of
(16) and using that
S|k1..kn〉 = Sa¯†k1S†S . . . a¯
†
kn
S†S|0¯〉 =
a†k1 . . . a
†
kn
|0〉 = (α∗k1 a¯†k1 + β∗k1 a¯−k1)
. . . (α∗kn a¯
†
kn
+ β∗kn a¯−kn)
⊗
q
∑
n
cqn|n¯qn¯−q〉, (18)
and Γ¯1,...,n = Γ1,...,n enable us to construct the out den-
sity matrix ρˆp,−p after picking up a particular mode par-
tition q = p in S|ψ¯〉〈ψ¯|S† allowed by the simple mix-
ing properties of the Bogolyubov transformations. The
piece that corresponds to pair creation in (17) is divergent
and needs regularization (Λ) and renormalization. It is
easy to see that ΓΛ1,2 = −12iλ〈φ2〉Λ
∫
d2x
√
|g|u∗k1u∗k2 [1].
Adding a counterterm 12δm
2φ2 in the Lagrangian and
choosing δm2 = −12λ〈φ2〉Λ renormalizes the pair cre-
ation to zero. Therefore only the quartet creation process
will contribute. The non-vanishing terms contributing to
the reduced density matrix read
ρˆp =
∑
m
〈m¯−p|ρˆp,−p|m¯−p〉 =
∑
n
|cpn|2×
(
1 + λ(10n2 + 14n+ 6)Re[(α∗p)
2(β∗p)
2B(p)]
)
|n¯p〉〈n¯p|,
(19)
4where we have defined
Γ1,2,3,4 = λδ(k1 + k2 + k3 + k4)B(k1, k2, k3, k4)
and B(p) = B(k1, . . . , k4) for ki → ±p. In two dimen-
sions B 6= 0 as the self interaction destroys conformal
invariance. The first term in (19) is just the free field
contribution obtained in [25] while the second term can
be evaluated using the asymptotic mode functions in (7)
to give
B(p) =
i
4ω¯
∫ +∞
−∞
dη C2(η)e−4iω¯η
=
iπ(1 + ǫ)δ(4ω¯)
2ω¯
+
iǫ
4ω¯
f(ω¯). (20)
where ω¯ =
√
p2 +m2 and
f(ω¯) =
∫ +∞
−∞
dη tanh(ρη)e−4iω¯η,
=
1
ρ
∫ +∞
−∞
dτ tanh(τ)e−iΩτ , Ω ≡ 4ω¯
ρ
.
The first term proportional to the delta function gives no
contribution to the reduced density matrix (it amounts to
a shift in the scale factor) [1]. The integral expressed by
f(ω¯) is a little delicate due to convergence at τ → ±∞.
So, consider instead a regularized version Ω→ Ω−iεκ(τ),
with ε > 0, κ(τ) = τ|τ | . The integral fε(Ω) now converges
for τ → ±∞ and after an integration by parts we obtain
lim
ε→0
fε(Ω) = − i
ρΩ
∫ +∞
−∞
dτ
e−iΩτ
cosh2(τ)
.
This integral can be evaluated in the complex plane
by replacing the real variable τ by the complex vari-
able z and integrating around a closed counterclockwise
rectangular contour Σ with vertices at −Λ, Λ, Λ + iπ,
−Λ + iπ. In the upper horizontal path we use that
cosh2(τ) = cosh2(τ + iπ). The two vertical paths parallel
to the imaginary axis vanish exponentially as Λ → ∞.
Thus
lim
ε→0
fε(Ω) =
i
ρΩ
1
eΩpi − 1
∮
Σ
dz
e−iΩz
cosh2(z)
, (21)
whose integrand has a pole at z = ipi2 . Using Cauchy’s
integral formula we find
B(p) =
ǫ
4ω¯ρ
π
sinh(2piωρ )
. (22)
This term expresses a thermal like profile of the vacuum
generated by the interaction over the spacetime evolu-
tion.
The quantum entanglement between the field modes
−p and p for the interacting theory can be quantified by
the von-Neumann entropy (14) using the reduced density
matrix given by (19) and the Bogolyubov coefficients (9).
Figure 2. Numerical evaluation of entanglement entropy as
function of the p (left) with ρ = m = ǫ = 1 and as function of
the m (right) with ρ = p = ǫ = 1, both for different coupling
constants 0 ≤ λ < 1. Higher peaks correspond to stronger
couplings.
We plot some graphs to illustrate its behaviour as a func-
tion of the field mode and mass in comparison with the
free case.
The spectral behaviour of the entanglement entropy
SvN suggests that the effects of such coupling will be
important for small values of p. This means that the
self interaction amplify the low frequency modes of the
scalar field producing an enhancement in the quantum
correlation between the particle pairs created by space-
time expansion.
Covariance measures - Another way to quantify the
quantum correlation between the number states of modes
p and −p is examine the covariance of the number oper-
ators defined as
〈[∆(nˆp−nˆ−p)]2〉 = 〈(∆nˆp)2〉+〈(∆nˆ−p)2〉−2Cov(nˆp, nˆ−p),
in which
Cov(nˆp, nˆ−p) = 〈nˆpnˆ−p〉 − 〈nˆp〉〈nˆ−p〉. (23)
For states containing no intermode correlations the co-
variance vanishes. for the two-mode squeezed vacuum
state (12), we obtain Cov(nˆp, nˆ−p) = |αp|2|βp|2, the max-
imal value indicating strong intermode correlations.
In the equations above nˆ is the out number operator.
Using the Bogolyubov transformations we may write
nˆp = a
†
pap = |αp|2a¯†pa¯p + α∗pβpa¯†pa¯†−p
+ αpβ
∗
p a¯−pa¯p + |βp|2a¯−pa¯†−p, (24)
and a similar expression for nˆ−p. For instance, the ex-
pectation values in (23) are taken with respect to the
full in-state (16) in the interaction picture. After some
straightforward algebra we get
Cov(λ)(nˆp, nˆ−p) = |αp|2|βp|2 + λ
12
Re[(α∗pβp)
2B(p)].
The first term in the equation above refers to quantum
entanglement between the modes of the free field, while
5the second reflects the effect of the interaction which pro-
duces a gravitational enhancement on the correlations of
modes as we see in figure 3. Notice that modes of a mass-
less quantum field get entangled, due to the fact that in
two dimensions the self interaction destroys the confor-
mal invariance of the theory.
Figure 3. Cov(λ)(nˆp, nˆ−p) as function of the p for different
expansion parameter ρ = 1 . . . 10 (left) with λ = 0, m = 1
and ǫ = 1 and for different coupling constants 0 ≤ λ < 1
(right), and m = ρ = ǫ = 1.
The intermode correlation increases for small values of
p when the cosmological parameter ρ grows saturating
at ρ ≈ 10 which is also encoded in the von-Neumann
entropy. This enhancement in the correlation between
modes of opposite momenta is combined effect of cosmic
expansion through the Bogolyubov transformations and
the interaction generating a nontrivial coupling between
the modes of the scalar field.
Discussion and conclusions - We studied the effect
of the self interaction on the entanglement between the
modes of a scalar field due to spacetime expansion. We
found that the quantum correlation intermode undergoes
an enhancement generated by interaction. The main
point of the discussion is that this enhancement favor-
ing the encoding of information about the underlying
spacetime in the entanglement intermode. It would be
intersting to pursuit this dynamics for fermionic fields
which are known to be more effective for extracting in-
formation about the spacetime evolution. In particular,
it would be intersting to build as interaction model for
fermions in which we can treat the auxiliary field as an
enviroment to assess the deleterious effects of upon field
mode correlation.
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